Line tensions, correlation lengths, and critical exponents in lipid
  membranes near critical points by Honerkamp-Smith, Aurelia R. et al.
 1
 
Line tensions, correlation lengths, and critical exponents 
in lipid membranes near critical points 
 
 
Aurelia R. Honerkamp-Smith
1
, Pietro Cicuta
2
, Marcus D. Collins
1
, Sarah L. Veatch
3
, 
Marcel den Nijs
4
, M. Schick
4
, and Sarah L. Keller
1,4
* 
 
1. 
 Dept. of Chemistry, University of Washington, Seattle WA 98195, USA 
2.  
Cavendish Laboratory, University of Cambridge, Cambridge, CB3 0HE, UK 
3. 
 Dept. of Chemistry, Cornell University, Ithaca, NY, 14853, USA 
4. 
 Dept. of Physics, University of Washington, Seattle WA 98195, USA 
* To whom correspondence should be addressed. 
 
 
ABSTRACT 
Membranes containing a wide variety of ternary mixtures of high chain-melting 
temperature lipids, low chain-melting temperature lipids, and cholesterol undergo lateral 
phase separation into coexisting liquid phases at a miscibility transition.  When 
membranes are prepared from a ternary lipid mixture at a critical composition, they pass 
through a miscibility critical point at the transition temperature.  Since the critical 
temperature is typically on the order of room temperature, membranes provide an unusual 
opportunity in which to perform a quantitative study of biophysical systems that exhibit 
critical phenomena in the two-dimensional Ising universality class.  As a critical point is 
approached from either high or low temperature, the scale of fluctuations in lipid 
composition, set by the correlation length, diverges.  In addition, as a critical point is 
approached from low temperature, the line tension between coexisting phases decreases 
to zero.  Here we quantitatively evaluate the temperature dependence of line tension 
between liquid domains and of fluctuation correlation lengths in lipid membranes in order 
to extract a critical exponent,.  We obtain  = 1.2 ± 0.2, consistent with the Ising model 
prediction  = 1.  We also evaluate the probability distributions of pixel intensities in 
fluorescence images of membranes.  From the temperature dependence of these 
distributions above the critical temperature, we extract an independent critical exponent 
of  = 0.124 ± 0.03, which is consistent with the Ising prediction of  = 1/8.   
 
 
Symbols and Abbreviations: 
Tc - critical temperature,   - line tension,  - correlation length, kB - Boltzmann’s constant, 
 - critical exponent for the correlation length,   - critical exponent for the order 
parameter  
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INTRODUCTION 
 
 Simple lipid bilayers undergo complex physical behavior.  Consider a bilayer 
membrane composed of three components: dipalmitoylphosphatidylcholine (DPPC), a 
lipid with a high chain-melting temperature (41°C (1)), diphytanoylphosphatidylcholine 
(diPhyPC), a lipid with a low chain-melting temperature (less than -120°C (2)), and 
cholesterol.  At high temperatures, all lipids in the bilayer mix uniformly in a single 
liquid phase.  As the temperature is lowered, a transition occurs and the lipids separate 
laterally into coexisting liquid phases (3).  As a result, shortly after the membrane passes 
through the phase transition, it contains domains of one phase whose lipid composition 
differs from that of the surrounding phase.  All lipids in the membrane diffuse with rates 
characteristic of liquids (4-6).  Lipids in each phase are distinguished by the degree of 
order in the acyl chains, which is higher in the liquid-ordered (Lo) phase than in the 
liquid-disordered (Ld) phase (7).  Fluorescently-labeled lipids partition differently into the 
Lo and Ld phases of vesicle membranes, which permits straightforward imaging of the 
different phases, as in figure 1 and in the movie included in a supplementary file.  
 
 Miscibility transition temperatures vary with the membrane’s total lipid 
composition.  In a three-dimensional plot with compositions in the x-y plane and 
transition temperatures in the z direction, the phase boundary resembles the surface of a 
hill.  Its crest is an upper critical point.  At lower temperatures, a line of critical points 
forms a path up one side of the hill, and down the other (8).  At each composition 
corresponding to a critical point, the phase transition occurs at a particular critical 
temperature, Tc.  Miscibility transitions that occur at a critical point are identifiable by 
specific features described below.  
 
 We observe clear experimental signatures of critical behavior in a membrane.  
Both above and below the critical temperature Tc, fluctuations in lipid composition 
appear over all distances up to a characteristic correlation length, .  As Tc is approached, 
the correlation length diverges according to a power law  ~ |T – Tc|, where   is the 
critical exponent.  We observe an additional experimental signature of critical behavior at 
temperatures below Tc.  Domain boundaries between the two liquid phases fluctuate (3; 
8-12).  As Tc is approached from below, the compositions of the two membrane phases 
become increasingly similar, until they are identical at the critical point.  The difference 
in lipid compositions of the two phases, the order parameter m, vanishes as  
m ~ (Tc – T)
.   Consequently, the line tension, , between domain boundaries in two-
dimensional systems decreases and becomes zero at the critical point such that  
 ~ (Tc – T).  When the interface energy becomes as low as the thermal energy, 
fluctuations in domain boundaries become visible optically (see figure 1).  Low line 
tensions (less than 1pN) (13-15), and significant composition fluctuations (16) have been 
observed previously in lipid membranes near critical points.  We also observe the 
divergence of composition fluctuations above the critical point to determine the 
exponent . 
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We employ fluorescence microscopy and image processing to systematically 
measure the dependence of membrane line tensions and correlation lengths on 
temperature in order to extract the critical exponents  and .  These two independent 
exponents are characteristic of the universality class of the transition. We verify our 
expectation that critical behavior in lipid bilayers is in the universality class of the two-
dimensional Ising model, for which  and  are known to be 1 and 1/8, respectively.   
 
The Ising model is a simple theoretical model that displays a critical phase 
transition. It describes a miscibility phase transition on a lattice and has been solved 
exactly in two dimensions for the case of nearest neighbor interactions between 
components (17).  It has been successfully used to describe critical behavior in a wide 
range of experimental systems very close to critical points with uncertainties of <10%, as 
detailed in Table 1. From the principle of universality, we expect the critical exponents 
characterizing the transition of our system to be identical to that of the two-dimensional 
Ising model because the thickness of our bilayer and the range of expected electrostatic 
interactions is much smaller than the correlation lengths we measure (18). 
 
In our observation of critical phenomena, we benefit from distinct experimental 
advantages of employing a lipid bilayer.  Correlation lengths occur on the scale of 
microns in our experiment, which permits us to use fluorescence microscopy to probe 
critical phenomena.  These large correlation lengths derive from two factors.  First, the 
critical temperature Tc occurs near room temperature so that a reduced temperature  
(T-Tc)/Tc on the order of 10
-3
 can be easily accessed with modest temperature control 
within 0.05˚C.  Second, the amplitude of correlation lengths in lipid membranes is 
relatively large, even when membranes are not near a critical point (19).  Since our 
observed micron-scale correlation lengths are so much larger than the nanometer-scale 
thickness of a lipid membrane, the spectrum of critical fluctuations are those in the plane 
of the membrane and therefore are characteristic of the universality class of the two-
dimensional Ising model.  A benefit of probing fluctuations in two dimensions is that the 
Ginzburg criterion predicts a wider temperature region for critical behavior than in three 
dimensions (20). 
 
We encounter two other experimental advantages of investigating critical 
behavior of liquid phases in lipid bilayers by fluorescence microscopy.  First, our use of 
visible wavelengths enforces a resolution limit on the order of 0.5 microns.  This length 
scale is significantly larger than the size of lipids (nanometers) or the range of 
interactions between lipids in a bilayer.  Therefore, the fluorescence signal encoded in 
each pixel of our detector records the behavior of a very large number of lipids exhibiting 
critical behavior.  In other words, in the critical regime, our images capture an ensemble 
of systems, each of which is itself behaving critically.  Second, any impurities in our 
membrane are mobile, and do not constrain the scale over which critical fluctuations 
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occur.  In contrast, in systems of monolayers of atoms on solid surfaces, heterogeneities 
can limit the spatial range of fluctuations to a few hundred nanometers (e.g. (21)). 
 
Our work complements other observations of composition fluctuations above Tc 
and of fluctuations in domain boundaries below Tc.  Above Tc, fluctuations have been 
detected as line broadening in NMR spectra.  Veatch et al. observed that fluctuations on a 
scale of 50 nm persist in DPPC/DOPC/cholesterol vesicles over temperatures as high as 
5-10°C above the miscibility transition (16).  Recent theoretical work describes how 
broadening of nuclear magnetic resonance lineshapes arises due to composition 
fluctuations in membranes near critical points (16; 22).  Below Tc, fluctuations of domain 
boundaries between liquid phases have been evaluated in both monolayers and bilayers to 
yield line tensions (9; 10; 12-15; 23-25).  Several other experiments evaluate line tensions 
between a liquid in contact with either a gas or a solid (26-31).  In contrast to the 
experiments described above, here we simultaneously investigate critical behavior both 
above and below the critical temperature.  We combine systematic measurements of line 
tension, correlation length and lipid composition distributions in order to extract both 
critical exponents  and .  
 
 
METHODS 
 
Fluorescence Microscopy of Vesicles 
Free-floating giant unilamellar vesicles were made by electroformation (32; 33) 
from a lipid mixture of 25:20:55 mol% of diPhyPC, DPPC (Avanti Polar Lipids, 
Alabaster, AL) and cholesterol (Sigma, St. Louis, MO).  We previously determined the 
phase diagram for this ternary system and identified this specific lipid ratio as being near 
a room temperature critical point.  Membranes were labeled with 0.8 mol% Texas Red-
DPPE (Invitrogen, Carlsbad, CA), which preferentially partitions into the liquid-
disordered phase. Vesicles were used within four hours of electroformation.  
Consequently, the vesicles were taut with no domains bulging either inward or outward. 
  
Vesicles were imaged with a frame acquisition time of 300ms using a 40x 
objective on a Nikon Y-25 microscope (Nikon, Melville, NY) coupled to a Coolsnap HQ 
CCD camera (Photometrics, Tucson, AZ). Temperature was maintained at the sample 
using a temperature controlled home-built copper microscope stage, which is the only 
heated element in our system.  The microscope stage was enclosed in a Plexiglas box to 
eliminate drafts.  Temperature was controlled using a Peltier thermoelectric device 
(Advanced Thermoelectric, Nashua, NH) operated by a current controller.  The 
temperature sensor is a 10 k thermistor read by the current controller with an optimum 
absolute accuracy quoted by the manufacturer as 0.02˚C (both from Wavelength 
Electronics, Bozeman, MT).  Our experiment measures a change in temperature, T - Tc, 
for which the measurement error should be smaller.  The thermistor and sample lie side 
by side on identical 25mm x 25mm cover slips connected to the microscope stage by a 
 5
thin layer of thermal grease (Omega Engineering, Stanford, CT).  The thermistor is 
attached to its slide by conducting epoxy (Arctic Silver, Visalia, CA).  The maximum 
temperature fluctuation measured over the course of an experiment was ±0.05˚C.  Usual 
fluctuations were measured to be ±0.01˚C. 
 
In all cases, video recordings of vesicles were begun above the miscibility 
transition temperature and continued as the temperature was stepped down until phase 
separation was complete.  Vesicles were equilibrated in the dark for two minutes between 
each temperature step.  Two minutes was ample time for vesicles to come to equilibrium 
as determined by the following experiment.  A vesicle sample was equilibrated for two 
minutes after a temperature step, and correlation lengths were measured.  The shutter was 
closed and vesicles remained in the dark at the same temperature for twenty minutes.  
Correlation lengths were again measured, and yielded the same values within error (data 
not shown).  Movies were recorded over a series of temperatures for seven different 
vesicles.  New vesicle batches were used for each series of video recordings. 
 
Analysis Overview  
For each vesicle, two independent analyses were conducted using custom 
software written in Matlab (The Mathworks, Natick, MA).  Below the critical 
temperature, two phases were present and domain line tensions were obtained.  Above 
the critical temperature, concentration fluctuations were visible, and correlation lengths 
of those fluctuations were determined.  Vesicles were analyzed using both methods over 
the temperature range spanning 0.4-0.6°C of the anticipated critical temperature, in order 
to avoid bias in the assignment of Tc.  We performed a second analysis above the critical 
temperature to extract the critical exponent  by measuring the temperature dependence 
of histograms of pixel intensities of vesicle images.  
 
Analysis of Line Tension 
At low temperatures, images of the vesicle surface displayed distinct phase-
separated domains.  Our software traced domain perimeters through a series of movie 
frames.  Each domain was analyzed independently.  At the top left in figure 2, yellow 
lines trace perimeters as they fluctuate over about seven sec (about twenty frames), and 
are averaged to yield the red lines.  A Fourier transform was performed on radial 
deviations h(x) from the mean perimeter (as in the top right panel in figure 2) to yield 
reciprocal space deviations h(k), where k is the fluctuation wavenumber, with units of 
inverse length. 
 
The capillary wave approximation for the energy of interface fluctuations is 
 E =
1
2
 dx hx


	


2
=
L
2
k2 h(k)h(k)
k

0
L
 ,   [1] 
where L is the smooth, mean perimeter of a domain, k = 2/L, and h(k) is the Fourier 
transform of h(x): 
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 h(k) =
1
L
dxh(x)e ikx
0
L
 .     [2]  
Since equation 1 is a quadratic form, the equipartition of energy theorem applies.  Each 
capillary mode carries on average kBT / 2 in energy so that 
 h(k)h(k) = h(k) 2 = kBTLk2 ,    [3] 
where the brackets denote an ensemble average, and kB is Boltzmann’s constant (34; 35).  
The value of h(k)h(k)  is evaluated by averaging the value of |h(k)|2 over all movie 
frames at one temperature.  In figure 2, a log-log plot of h(k)h(k) vs. k confirms that 
the former scales as k
2
.  Figure 2 shows modes three through nine.  The first two modes, 
which may not equilibrate fully over the course of a video, are not fit and are not shown 
in figure 2.  We fit our log-log plot of h(k)h(k) vs. k and find the line tension from the 
intercept.  All line tensions from one vesicle are collected in figure 3.  Standard 
deviations are found by comparing line tensions from two or more fluctuating domains 
visible in a single frame and/or breaking long movies into runs of twenty frames or 
greater. 
 
We are able to evaluate line tensions by applying the approximation of equation 1 
to our data over a range of temperatures spanning about 10˚C below Tc for two reasons.  
First, the correlation length is large enough that our observations are coarse-grained, so 
that the observed line tension is indeed the free energy per unit length.  Second, the 
correlation length, while large, is still much smaller than the size of domains, which 
appear almost circular.  All domains analyzed fell between 7.2 and 27 microns in 
diameter.  Therefore the displacements of the domain boundaries are sufficiently small 
that the capillary wave approximation of equation 1 is valid.  As long as it is applicable, 
displacements of the domain boundary on very small length scales do not contribute 
appreciably since the amplitude of each mode decays as 1/k
2
.  Note that this method of 
extracting the critical exponent  from the vanishing of the line tension  ~ (Tc – T) does 
not require the correlation length to be extremely large, i.e. for us to approach the critical 
point within a reduced temperature of 10
–3
.  In fact, we reach the upper range of valid 
temperatures when correlation lengths are so large that domains no longer appear circular, 
but are now fractal as in figure 1 at 32.2˚C.  The capillary wave description of these 
displacements is then no longer adequate.  We reach the lower range of temperatures for 
which our measurement is valid when line tensions exceed about 1 pN, which results in 
perimeter fluctuations smaller than our optical resolution of approximately 0.5 m at all 
values of k.  
 
Analysis of Correlation Length 
 The grey scale intensity of each pixel in an image reports the average membrane 
composition inside that pixel.  That average results from an integration over all 
fluctuations smaller than the pixel size.  Fluctuations around the average lipid 
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composition in the membrane are quantified by the two-point correlation function of an 
image where 
 
I(r
r
)  is the image intensity (a density) at position r
r
: 
 
 
G(
r
r ) = I(
r
r0 ) I(
r
r0 +
r
r )  I(rr0 ) I(rr0 + rr )    [4] 
The average, denoted by brackets, is defined to be over all overlapping pairs.  We 
obtained the background corrected image by averaging grayscale values over all movie 
frames and subtracting the resulting value from each pixel of each movie frame.   
 
Even though we observe critical fluctuations in real space, we found it convenient 
to perform our analysis in reciprocal space by obtaining the structure function S(k)  from 
a discrete Fourier transform of each image.  The structure function is related to the 
correlation function by Fourier transform: 
 
 
 
S(k
r
) = I(k
r
)I(kr) = I(kr) 2 = 1
2( )2 dr
r
G r
r
( ) eikr rr .  [5] 
 
Near Tc, the structure function is rotationally invariant, so we perform an angular average 
to obtain S(k), which we then average over each frame of the movie.  Because the pixel 
size of our camera (0.18 μm) is smaller than the optical resolution of our microscope 
(about 0.5 μm), our acquired images appear as if they are filtered by the point-spread 
function of the microscope, which has a full width at half maximum of 3.4 pixels, 
corresponding to 0.76 microns.  We correct for the finite point-spread function of the 
microscope by dividing the evaluated structure factor in equation 5 by the structure factor 
of the point-spread function.  This function was obtained by averaging acquired images 
of 20 individual 0.1 μm fluorescent beads (Invitrogen, Carlsbad CA).  In our analysis, we 
measure intensity.  Intensity is proportional, not equal, to the order parameter, m.  As a 
consequence, we report S(k) in arbitrary units. 
  
 We image only one face of a vesicle rather than the whole vesicle.  In general, a 
finite sized data set should result in a Fourier transform of the structure function that does 
not return the full two-point correlation function, but rather the product of that function 
and a window function reflecting the limited area imaged.   However, our data are not 
sensitive to this problem because the correlation length that we measure is less than ten 
pixels, which is much smaller than the image size of 150-200 pixels in width.  We use a 
discrete Fourier transform in Matlab which automatically imposes periodic boundary 
conditions.  In general, periodic boundary conditions introduce extraneous correlations 
between points that span the boundary.  We avoid this by supplementing the non-zero 
 
I(
r
r )  with an equal number of zero values.  Our data are also not sensitive to 
inhomogeneous light levels over the vesicle area that we sample, caused by the presence 
of other vesicles outside the focal plane.  Removing long-wavelength gradients by 
filtering the image did not noticeably affect our measured correlation lengths (data not 
shown), so we present our data without this filtering. 
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 The structure function S(k) and the correlation function G(r) for the two-
dimensional Ising model are known exactly (36; 37).  They do not follow simple analytic 
expressions, but are easily computed using the tabulated values of the scaling functions 
for G(r) (36).  If the transition in our system is in the universality class of the two-
dimensional Ising model, then all our measured structure functions should agree with the 
scaling form k 
7/4
 S(k) vs. k.  In figure 4, the solid curve plotted on this scaling form is 
the Fourier transform of the exact numerical solution for G(r) of the two-dimensional 
Ising model calculated by Wu et al. (36).  In figure 4 we test whether our data agree with 
this scaling form and determine the correlation length, , at each temperature by finding 
the value of  by hand for which the data fall on the scaling form.  We state uncertainty in 
 as the range of values outside of which agreement with the exact scaling form is poor 
by eye, and it is an overestimate. 
 
The fact that we can vary the single parameter  to fit the function k 7/4 S(k) vs. k 
over a range of k for the eight temperatures shown in figure 4 is strong evidence that the 
transition is indeed in the universality class of the two-dimensional Ising model.  In 
contrast to our analysis of the line tension, which does not require extreme proximity to 
the transition temperature, our method of fitting the scaling form performs best when the 
product k spans a wide range, in particular when the critical temperature is closely 
approached so that  is large and k is of the order of unity. 
 
To verify that our method of finding correlation lengths was appropriate, we 
performed a Monte Carlo simulation of a two-dimensional Ising model and extracted 
correlation lengths from the output images by the same methods as for the vesicle data.  
The simulation was implemented in Python (www.python.org) using the NumPy 
(www.scipy.org) and the Python Imaging Library (www.pythonware.com/products/pil/) 
modules. The simulation size was 200 x 200 sites and the simulation gave the expected 
value of   = 1.  In the simulation, statistical fluctuating objects are single spins and the 
simulation is carried out at a reduced temperature tr = (T-Tc)/Tc.  In order to compare 
images produced by the simulation with images produced by the experiment in which 
each pixel contains b x b lipids, each fluctuating object in the simulation must represent a 
collection of b
2
 spins.  When  = 1, the scaling relation 
 
(tr ) = 1b (b
 1tr )  
 
indicates that a snapshot of a simulation performed at tr/b in which each object contains 
b
2
 spins is indistinguishable from a snapshot of a simulation performed at tr in which 
each object contains only one spin.  Therefore, in figure 1 we quote reduced temperatures 
in the simulation as tr/b where b = 225, which is roughly the pixel size (224.75 nm) 
divided by an order of magnitude estimate for the inter-lipid distance (1nm).  Correlation 
lengths derived from the simulation and the experiment are directly comparable if the 
reduced temperature is rescaled in this way.    
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One limitation that arises as the temperature approaches Tc is that the dynamics of 
the system become very slow (20).  Consequently brief movies (about seven seconds) do 
not consistently sample a full set of equilibrium configurations.  We used quantitative 
structure factor data only if every visible composition fluctuation failed to persist over the 
length of one movie, to ensure that our system reached equilibrium.  For each vesicle, 
movies were collected for nine to twelve temperatures above Tc. The two movies at 
temperatures nearest to Tc were typically eliminated by the criterion above. Similar slow 
dynamics that occur below Tc  prevent the analysis of structure factors to find the critical 
exponent  below Tc.  We have tested that all movies used to find  sufficiently sample 
the equilibrium state as follows.  We altered our camera acquisition time by binning 
images from our videos in groups of two, increasing our effective acquisition time from 
300 ms to 600 ms.  Binning slightly changed the absolute values of the correlation 
lengths, but did not affect the critical exponent .  A different limitation arises at high 
temperatures above Tc .  The smallest detectable correlation length in our system is 
related to our microscope’s spatial resolution, and to the diminishing contrast between 
composition fluctuations as temperature increases.  
 
Analysis of pixel intensity distribution 
To determine the order parameter critical exponent , we measured the 
temperature evolution of the distribution of pixel gray scales.  The intensity of each pixel 
reports the composition of the membrane inside it via the fluorescent dye distribution.  
The probability distribution of the membrane’s composition, or order parameter, has two 
peaks below Tc, separated by m.  The distance between the double peaks decreases as Tc 
is approached from below according to 
 
m  T  Tc
Tc

.      [6]  
 
Above Tc, there is a single peak at m = 0 whose width diverges as the critical temperature 
is approached.  We extract the critical exponent  by measuring the root-mean-square 
width of the single peak, which diverges as (38), 
 
width = m2
1/2  T  Tc
Tc

.     [7] 
 
An advantage of the procedure above is that we evaluate the width of the intensity 
distribution and can disregard the location of the center of the peak, which may drift to 
lower intensity values over the course of an experiment due to gradual photobleaching.  
In other words, our analysis of the distribution, like our analysis of line tension, does not 
depend on our greyscale calibration as S(k) does.  Moreover, our analysis of distribution 
widths, like our analysis of the line tension, does not rely explicitly on our system 
exhibiting very large correlation lengths compared to the pixel size, and therefore does 
not require the system to reach temperatures very close to the critical temperature.  We 
have verified that our measurements are robust over the entire area of the vesicle that we 
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sample.  Specifically, we find no difference in mean intensity or noise between pixels 
from the center of our vesicle images and from the edge of the in-focus area that we 
sample.  This result implies that our vesicles are so large that we can neglect their 
curvature over the area we sample.  We have also verified that our measurement of  
does not depend on our camera acquisition time by binning images from our videos in 
groups of two, increasing our effective acquisition time from 300ms to 600ms.  Binning 
changed the absolute values of the peak widths, but did not affect the critical exponent .  
In principle, our procedure to obtain   could be applied at temperatures below Tc.  
However, in our system, our inability to image the entire vesicle surface and our 
observation of slow dynamics prevents our video recordings from effectively sampling 
both peaks below Tc. 
 
Analysis of Critical Temperature and Exponent   
As noted earlier, the line tension was measured below Tc and vanishes as Tc is 
approached like  ~ (Tc - T), whereas the correlation length was measured above Tc and 
diverges as  ~ |Tc - T|-.  The product of  and  is a constant that depends on the 
definition of  (39).  Here we use the definition of  within the two point correlation 
function G(r), which has the following asymptotic form for large values of r / in all 
systems in the two-dimensional Ising universality class (36): 
 G(r) ~
1





1
4 
r




1
2
exp
r




    T > Tc  [8] 
 G(r)  m2 ~ 1




1
4 
r




2
exp
2r




   T < Tc.  [9] 
 
A comparison of the scaling behavior of G(r) as defined by Wu et al. (36) for T > Tc and 
the line tension as given by Onsager (17) yields 
 
  = kB Tc       [10] 
 
within the scaling regime (37).  We use equation 10 to compare values of the correlation 
length obtained from fits to the structure function above Tc with those of line tension 
measured below Tc. 
 
 We find that plots of kBT /  above Tc and of line tension below Tc have roughly 
linear slopes, and that they intercept the x-axis at roughly the same temperature, as shown 
in the upper panel of figure 5.  This temperature serves as our initial guess of Tc.  In order 
to determine the exponent   quantitatively, we produced log-log plots of kBT /  below Tc 
vs. the reduced temperature (T – Tc)/Tc, and of  above Tc vs. reduced temperature, as 
shown in the lower panel of figure 5.  We assumed that the exponent  is the same both 
above and below Tc.  Therefore, we adjusted the value of Tc until we found a single best  
that fit all data above and below Tc according to the power law behavior 
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 = A T  Tc
Tc

                      [11]         
where A is a constant amplitude (20). 
 
Photo-oxidation 
We made considerable efforts to reduce the adverse effects of photo-oxidation 
and are confident that photo-oxidation does not affect our results for the critical 
exponents outside our specified error bounds.  It has been demonstrated previously that 
illumination of vesicles containing unsaturated phospholipids can alter the lipid 
composition of membranes and therefore modulate miscibility transition temperatures 
(40).  This property has been used to control line tension of domains in phase separated 
vesicles (13).  Our choice to work with membranes containing only saturated 
phospholipids significantly reduces the rate at which transition temperatures vary with 
light exposure.  Furthermore, we used neutral density filters to reduce light intensity, and 
illumination of vesicles was limited to less than nine seconds at each temperature.  These 
efforts reduce our measured drift in transition temperature due to photo-oxidation to at 
most -0.09°C per exposure.  The effect of a gradual decrease in transition temperature 
would be to cause the critical exponent  to appear smaller than its true value above Tc, 
and larger below. We performed a control experiment to ensure that photo-oxidation did 
not affect our measurements of both line tension and correlation length outside our 
specified error bounds.  For vesicle C from figure 6, at 29.5˚C line tension is  = 0.42 ± 
0.07 pN over the course of the video.  Over the first twenty frames of the video, before 
significant illumination,  = 0.37 ± 0.16 pN.  Over the last twenty frames, after 
illumination,  = 0.47 ± 0.40 pN.  Therefore, during this exposure, we observe no 
systematic decrease in either Tc or , which would result from photo-oxidation.  Our 
conclusion is that any photo-oxidation associated with illumination of the vesicle over the 
course of a video is minor such that line tension remains within our stated error bounds, 
which are standard deviations from multiple domains and/or movies.  Similarly, for the 
same vesicle at 32.6˚C, the correlation length derived from all available frames is 
 = 1.17 ± 0.54 μm.  The first five frames yield  = 0.72 μm and the last five yield 
 = 0.69 μm, both within our stated error. 
 
 
RESULTS 
 
We produce giant unilamellar vesicles whose membranes contain circular, liquid 
domains at low temperature (figure 1).  At high temperature, the vesicle membranes are 
uniform.  Vesicles were imaged over a series of temperatures, and images were analyzed 
in order to determine line tensions at low temperatures and correlation lengths at high 
temperatures.  These results were then used to determine the critical exponents as 
described below. 
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Line tension,   
Figure 2 shows that as the temperature approaches Tc, from below, fluctuations 
increase and line tension decreases.  At 23.0˚C, a temperature far below Tc, domains are 
circular, and their edges are smooth.  At 31.5˚C, which is close to the critical temperature, 
domains are oval, and their edges are irregular.  We quantify the roughness of each 
domain boundary by compiling a spectrum of deviations of the domain radius from the 
mean domain radius, as described in Materials and Methods.  Each spectrum yields a line 
tension.  In the example in figure 2, we find  = 0.213 ± 0.14 pN for the spectrum at 
23.0˚C, and  = 0.019 ± 0.012 pN for the spectrum at 31.5˚C. 
 
The upper and lower panel of figure 3 show line tension measurements for all 
domains at all temperatures of two different vesicles.  We find that line tension decreases 
linearly to zero at the critical temperature. Our measured line tension values are valid 
only for temperatures within 10˚C of the critical temperature due to the optical resolution 
limit, as discussed in Materials and Methods.   
 
Correlation length,  
The fluorescence micrographs in figure 1 show that fluctuations are small at 
temperatures far above Tc and increase in size as the critical temperature is approached 
from above.  Fluctuations span several microns very close to the critical temperature. 
This same observation is reflected in the measured structure factor of vesicle images, as 
shown for one vesicle in figure 4.  At temperatures very close to Tc, structure factors have 
larger amplitudes and persist to larger wavenumbers.   
 
Our structure factor data allow us to test whether we probe temperatures close 
enough to Tc to capture behavior typical of the two-dimensional Ising universality class.  
We successfully adjusted the value of the correlation length,  , so that all structure 
factors for each vesicle superimposed on the exact form predicted by the two-dimensional 
Ising model (36) when plotted in the scaling form k 
(7/4)
 S(k) vs. k, as shown in the 
bottom panel of figure 4.   
  
Critical exponent   
Both line tension, , and energy per correlation length (kBT/) decrease roughly 
linearly to zero at the critical temperature.  Figure 5 demonstrates how the critical 
temperature derived from line tension is within error of the critical temperature derived 
from energy per correlation length.  These results are robust; figure 6 shows similar data 
for four additional vesicles.  Each vesicle has a slightly different lipid composition, so 
each has a slightly different critical temperature. 
 
Once we have determined the line tension below the critical temperature and the 
correlation length above it, we can extract the critical exponent , as detailed in Methods.  
We require that  have one unique value that fits data both above and below a single Tc 
for a given vesicle.  We obtain five values of   from the five vesicles in figures 5 and 6, 
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collected in table 2. The average of these five values, avg = 1.2 ± 0.2, is consistent with 
that for the two-dimensional Ising model,  = 1 (17; 20).  
 
Critical exponent   
Membrane composition, as reported by the intensity of fluorescent dye, is 
distributed around one value above Tc and around two values below Tc.  For example, in 
the top panel of figure 7, pixel intensity values are symmetrically distributed around a 
single value at T = 34.0˚C, which is far above Tc = 32.5 ± 0.15˚C for the particular vesicle 
analyzed.  The distribution develops an asymmetry as temperature is lowered to 
T = 32.6˚C, indicating the onset of spontaneous symmetry breaking as the membrane 
approaches Tc.  At 32.4˚C, below Tc, the distribution is bimodal, and also asymmetric, 
possibly indicating that the movie was not long enough to sample both phases equally.   
 
 Plotting the width of all of the symmetric histograms for the vesicle in figure 7 
provides an independent test of whether our data is described well by the two-
dimensional Ising model.  Equation 7 predicts that the width of the distribution is 
proportional to (T - Tc)
.  In the lower panel of figure 7, we plot the distribution width as 
(width)
-8
 vs. T.  Our data can be fit to a straight line, in agreement with the two-
dimensional Ising prediction of  = 1/8.   It is also reassuring that the critical temperature 
extracted from figure 7 is ~32.8˚C, close to the value of Tc ~ 32.5 ± 0.15˚C determined 
previously.   
 
 
DISCUSSION 
 
We have measured the line tension below the critical point and both the structure 
function and the distribution of the membrane composition above the critical point.  We 
have extracted critical exponents of  = 1.2 ± 0.2 and  = 0.124 ± 0.03 from our data.  
These values are in agreement with those of the universality class of the two-dimensional 
Ising model,  = 1 and  = 0.125.  The accord between our experimental results and 
theoretical predictions is also clearly seen in the collapse of experimental structure factors 
onto the exact result from the two-dimensional Ising model, in figure 4.  This is the first 
quantitative measurement of critical exponents in a lipid bilayer with liquid phases.   
 
Agreement with the theory is excellent despite our experimental limitations in 
spatial resolution, in proximity to the critical temperature, and in variation of lipid 
compositions between vesicles.  Vesicles made by electroformation generally contain a 
variety of compositions distributed around the bulk composition, and as a consequence, 
we observe a broad range of transition temperatures in this mixture, consistent with 
earlier work (33), meaning that small changes in composition result in relatively large 
differences in miscibility transition temperature.  Despite the inherent distribution in 
vesicle composition in our system, we observe critical behavior in all vesicles probed, 
meaning that they are well within the critical region. For two vesicles #3 and #4 in table 2, 
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we find values of the critical exponent  that are significantly greater than the predicted 
value of  = 1.  One possible explanation for this deviation is that these vesicles have 
slightly off-critical compositions. 
 
In addition to critical exponents, we have also determined the correlation length 
above the critical temperature.  We have compared the thermal energy per correlation 
length (kBT/) above Tc with the line tension below Tc.  These two quantities are predicted 
by the two-dimensional Ising model and universality to be equal in the scaling regime 
(37).  Figures 5 and 6 show that the two quantities are in reasonable agreement given our 
limitations in obtaining large correlations needed for analysis of structure functions. 
 
Below Tc, we measure line tensions from the maximum measurable value of ~0.8 
pN to a value of ~0.05 pN near the critical point.  Our highest measured line tensions are 
consistent with estimates of line tension between 0.5 and 3.3 pN using flaccid vesicles 
composed of a similar lipid mixture (10; 12).  The flaccid vesicle method requires that 
line tension is large compared with the membrane bending modulus (12).  The 
measurement method we present here is complementary because it requires that line 
tension is low for fluctuations to be visible (10).  Recent work observed line tensions 
between domains as small as 0.05 pN in vesicles passing through critical points (13).  
Instead of approaching the critical point by changing temperature, as in our work, the 
researchers changed the vesicle’s composition by photo-oxidizing lipids (13).  
 
 
SPECULATIONS ON BIOLOGICAL SIGNIFICANCE 
 
 We have shown that in lipid vesicles, fluctuations large enough to observe by 
light microscopy (greater than 1 micron) appear within 0.5°C of Tc.  Extrapolating from 
our data using equation 8, with v = 1, we expect sub-micron fluctuations with correlation 
lengths of ~50 nm to occur in vesicles between 2-8°C above their critical temperature.  
This prediction is quantitatively consistent with recent reports of ~50nm fluctuations in 
near-critical membranes of DOPC/DPPC/cholesterol probed by NMR (16). 
 
In plasma membranes of unstimulated cells, no micron-scale domains are 
observed by fluorescence microscopy at the cells’ growth temperature.  Therefore, 
domains or composition fluctuations must be sub-micron in dimension if they are present.  
Sub-micron, local differences in membrane composition may confer advantages for cell 
processes (41). Although the concept currently in favor is that sub-micron membrane 
heterogeneity in cell membranes is driven by phase separation, there is no consensus on 
what mechanism might prevent sub-micron domains from ripening into larger domains 
(42).  It has been suggested that dynamic, small-scale membrane heterogeneities could 
result from critical fluctuations near a critical temperature, rather than small domains far 
below Tc that are prevented from coalescing (16; 31; 43; 44).  Here we have shown that it 
is possible to tune domain size (and line tension) by changing the membrane’s proximity 
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to a miscibility critical point.  It has been reported that vesicles isolated from the plasma 
membranes of living RBL mast cells and other cell types also display critical behavior of 
the type exhibited here (45).   
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Table 1.  Two-dimensional critical exponents 
 
System Equation Exponent Exact Values 
(46) 
 
Ref. 
 
Monolayers of phospholipids 
(DMoPC, DPoPc, DOPC or DEPE) 
and dihydrocholesterol 
with 0.25% TR-DPPE (dye) 
 
dihydrocholesterol 
concentration 
|x-xc| ~ (c – ) 
 = 0.25  
    ± 0.07 
 = 0.125  (47) 
Ising-like crystals of K2CoF4  
 
 
 
magnetic order  
parameter  
m ~ |T-Tc|
 
 = 0.116  
    ± 0.008 
 = 0.125  
 
(48) 
Ising-like crystals of Rb2CoF4  
 
 
 
 
                    “ 
 
 
 
 
magnetic order  
parameter  
m ~ |T-Tc|
  
 
inverse correlation 
length  
 ~ (T – Tc) 
 = 0.119  
    ± 0.008 
 
 
 = 0.89  
     ± 0.1 
 = 0.125  
 
 
 
 = 1  
 
(48) 
(110) facet reconstruction of Au 
surface 
 
                    “ 
 
order parameter  
m ~ |T-Tc|
  
 
correlation length 
 ~ |T-Tc| 
 = 0.13  
    ± 0.022 
 
 = 1.02  
     ± 0.02 
 
 = 0.125  
 
 
 = 1  
 
(49) 
GaAs crystal surfaces  
 
 
 
correlation length 
 ~ |T-Tc| 
 = 1.0  
     ± 0.25 
 = 1  
 
 
(50) 
Lipid monolayer of 69/30/1 
DMPC/cholesterol/NBD-PC (dye) 
 
line tension 
 = m(c – ) 
 = 1.0 – 1.4  = 1 (9) 
Helium on Kr-plated graphite Heat capacity 
critical exponent, 
, via 2 = 2 -  
 = 0.86  
     ± 0.05 
 = 1 (21) 
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Table 2.   Values and standard deviations of the correlation length exponent, , for 
vesicles in figures 5 and 6.  
 
Vesicle  Measured  S.D. in  above Tc S.D. in   below Tc 
1 1.01 ± 0.48 ± 0.17 
2 1.11 ± 0.49 ± 0.14 
3 1.33 ± 0.14 ± 0.19 
4 1.32 ± 0.14 ± 0.06 
5 1.06 ± 0.18 ± 0.07  
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FIGURE CAPTIONS 
 
Figure 1.  Giant unilamellar vesicle passing through a miscibility critical point at 
Tc~32.5°C.  Scale bar is 20 um.  The bottom row (A-C) shows Ising model simulations at 
rescaled temperatures as described in the Methods section.  The simulation in Panel A 
was performed at a reduced temperature comparable to the vesicle at 32.8˚C, Panel B to 
the vesicle at 32.6˚C, and Panel C to the vesicle at 32.4˚C. 
 
Figure 2.  Top left: Frames from two movies of a giant unilamellar vesicle with a critical 
temperature of Tc = 31.7 ±0.14˚C.  Domain boundaries fluctuate more at 31.5˚C than at a 
temperature further from Tc (23.0˚C).  Yellow lines trace all boundaries over a series of 
exposures taken over ~7 s and red lines denote average boundaries.  Scale bar is 20 μm.  
Top right: The line tension around any domain is found by first compiling a power 
spectrum of radial deviations (h(x)) of the boundary.  Bottom: Log-log plot of the 
spectrum of radial deviations vs. inverse length k for two individual domains, one with a 
mean perimeter of 86.7 μm at 23.0˚C (triangles) and the other with a mean perimeter of 
34.1 μm at 31.5˚C (circles).  Lines are fits to the equation <h(k)2> = kBT/(Lk2).  Only the 
data points from the third through the ninth wavenumbers are used for the fit.  Error bars 
represent standard deviations from measurements over a series of movie frames. 
 
Figure 3.  The two panels show domain line tension with standard deviations measured 
for two different vesicles, at various temperatures.  The line tension decreases linearly 
with increasing temperature close to Tc.  Standard deviations are found by comparing line 
tensions from two or more fluctuating domains visible in a single frame and/or breaking 
long movies into runs of 20 frames.  At some temperatures, only one domain was 
available and no standard deviation is shown.   
 
Figure 4.  Top: Measured structure factors are shown for one vesicle at eight 
temperatures.  The lowest temperature shown is close to the critical temperature for this 
vesicle, Tc = 26.43°C, derived by fitting critical exponents as described in the text.  
Bottom: When each structure factor is rescaled by a correlation length, , all curves 
overlap with the exact form for the two-dimensional Ising model.  The Ising model curve 
is the Fourier transform of the exact numerical solution for G(r) calculated by Wu et al. 
(36). 
 
Figure 5.  Top: Line tension and structure factor data for the vesicle in figure 4 are 
combined in one panel.  Filled circles denote measured line tensions, , measured below 
Tc.  Error bars indicate standard deviations from three or more measurements.   Filled 
triangles denote energy per correlation length, kBT/, measured above Tc.  Uncertainties 
in correlation length are generated as described in Materials and Methods and are 
overestimates.  Both data sets decrease linearly and reach zero at approximately the same 
temperature, 26.16 ± 0.16°C for line tension data and 26.52 ± 1.2°C for kBT/ data.  
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Bottom: When correlation length, , or energy per line tension, kBT/, is plotted on a log-
log scale vs. reduced temperature |T - Tc| / Tc, the slope of the line yields the critical 
exponent, .  The solid lines show a good fit to  = 1, predicted by the two-dimensional 
Ising model.  The dashed lines show a poor fit to  = 1/2, predicted by mean field theory, 
which would be applicable only if the system were not in the critical regime. 
 
Figure 6.  (A-D) The same procedures in Figures 1-5 are repeated for four additional 
vesicles.  All together, the data show that line tension and energy per correlation length 
decrease approximately linearly to a minimum value of zero at the critical temperature, Tc.  
Each vesicle has a slightly different composition, and hence a slightly different Tc.  
Measured line tension, , is plotted below Tc using filled circles.  Energy per correlation 
length, kBT/, is plotted above Tc using filled triangles.   
 
Figure 7.  Top: Histograms of pixel intensity (from 0 to 256) for movies of the same 
vesicle in Figure 1 are averaged over all frames at three temperatures. The distribution is 
peaked around one value at T = 34.0°C, which is far above the critical temperature of 
Tc  32.5 ± 0.15°C for this system.  At 32.6°C, the distribution is slightly asymmetric. 
Below Tc, at 32.4°C, the distribution appears bimodal, indicating T < Tc.  It is also 
strongly asymmetric, indicating that the movie is not long enough to capture all states of 
the vesicle domains.  The histogram from a vesicle containing one uniform phase is 
significantly narrower.  For example, the solid line shows a histogram from a uniform 
vesicle of DOPC and 0.8% Texas Red-DPPE at 23˚C.  Bottom:  The second moment 
(width) of the averaged histograms is plotted in the form (width)
-8
.  The straight line 
shows that the data are consistent with an order parameter exponent  = 1/8, as predicted 
by the two-dimensional Ising model.  The dashed line shows that the data is inconsistent 
with the mean field exponent of  = 1/2, which would be applicable only if the system 
were not in the critical regime.  Only data from symmetrical peaks are included in the fit.   
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